A CORRESPONDENCE PRINCIPLE FOR VISCOELASTIC
WAVE PROPAGATION*

By I. HERRERA, (University of Mexico) anpo M. E. GURTIN, (Brown University)

Introduction. It is a well known result of classical linear elasticity theory that the
speed of propagation U of an acceleration wave, at a point z in an elastic solid of elasticity
tensor ¢, (z) and density p(x), is a solution to the eigenvalue problem**

6, @nn — p@)Usula, = 0. (1.1)

Here the unit vector n is the direction of propagation at z. Since the elasticity tensor
obeys the symmetry relations

Cijkt = OCriij » (1.2)

it is clear that (1.1) has three (not necessarily distinct) solutions U, , U, , Us . More-

*Received March 13, 1964.

**We use indicial notation and Cartesian tensors throughout. Thus subscripts have the range
(1, 2, 3), z; denote rectangular Cartesian coordinates, and £ = (1, 22, %1). Moreover summation over
repeated subscripts is implied, &:; is Kronecker’s delta, subscripts preceded by a comma indicate differ-
entiation with respect to the corresponding Cartesian coordinate.
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over these solutions will be real and nonzero if and only if ¢;;4,(2) is strongly elliptic in
the sense that

Gim(@nnopy, > 0 whenever » 5 0. (1.3)

A recent result of Toupin and Gurtin [1], which is a generalization to anisotropic
materials of a theorem due to Gurtin and Sternberg [2], demonstrates the connection
between wave propagation and uniqueness. This result may be stated roughly as follows:
the displacement problem of linear elastodynamics has at most one solution provided
¢iim 18 constant and strongly elliptic. Thus, if the medium is homogeneous, a sufficient
condition for uniqueness is that three linearly independent acceleration waves can
propagate in every direction.

The foregoing results can be easily generalized to visco-elastic solids with the aid
of a correspondence principle which we prove in this paper. This principle asserts that
the speed of propagation U of an acceleration wave at a point z in a viscoelastic solid
with relaxation tensor G.;,(z, ) and density p(z) satisfies

(G, Onn, — P(x)Uz‘sik)ak = 0. (1.9

Hence, by (1.1), this speed is identical to the speed of propagation through an elastic
solid whose elasticity tensor is

6:iu(x) = Giinlz, 0). (1.5)

This correspondence principle brings out the remarkable (but intuitively obvious) fact
that the speed of propagation of an acceleration wave through a viscoelastic solid de-
pends only upon the initial value G.;4.(z, 0) of the relaxation tensor and is independent
of the behavior of @;;,,(x, t) with .

Assume for the remainder of this section that Giini(x, 1) is initially symmetric, i.e.,*

Gc‘ikl(xy 0) = le-‘i(xy 0). (1-6)

Then the eigenvalue problem (1.4) has three solutions. Further these solutions will be
real and non-zero if and only if G, (z, ) is wnatially strongly elliptic, that is if and only
if Giju(z, 0) is strongly elliptic. '

Edelstein and Gurtin [3] have shown that the displacement problem of dynamic
viscoelasticity theory has at most one solution provided G,;);(z, t) is independent of z
and initially strongly elliptic. Thus a sufficient condition for uniqueness to hold in a
homogeneous viscoelastic medium is that three independent acceleration waves can
propagate in every direction in the body.

The correspondence principle. The fundamental system of field equations in the
linear theory of viscoelasticity consists of the following **

2ei(z, D) = u; (=, ) + u;,.(z, 1), 2.1
Uii.i(x) t) + fl'(xf t) = p(:l:)u.('”(x, t)v (7,-,-(:1:, t) = 0','.'(17, t)v (2'2)
oii(z, ) = f‘ Giinlz, t — s)esr'(z, 8) ds. 2.3)

*Notice that Gizi(z, 0) automatically has this property if it is isotropic.
**We use the notation gt = grg/at»,
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Here u.(z, t), &z, 1), 0:;(z, t), and f;(z, t) are the Cartesian components of the dis-
placement vector, the strain tensor, the stress tensor, and the body force density vector
defined for every pair (z, t) such that z is a point of the open region ® occupied by the
interior of the body and ¢ (— » < t < ) is the time. Further p(z) is the mass density
defined for every z ¢ &, and G, (z, t) are the components of the relaxation tensor which
are defined for every (z, t) ¢ ® X [0, =) and satisfy

G.'ikz = Giikl = Giilk . (2-4)

The first symmetry relation follows from the symmetry of the stress tensor, while the
second follows (without loss in generality) from the symmetry of the strain tensor.

We suppose once and for all that we are given a solution u, , ¢; , o;; of (2.1), (2.2),
(2.3) on ® X (— », ) which meets the initial condition

u;(z, ) = 0, (x,He®R X (—,0) (2.5)

and corresponds to data p, G, , f; which satisfies:
(#) p > 0 is continuous;
(#2) Gi;x 1s twice continuously differentiable and meets (2.4);
(4%%) {; is continuous.
Moreover we assume the existence of an acceleration wave propagating through ®@—that
is a one-parameter family of surfaces S, (0 £ ¢ < =) which has the following properties:
(#v) the hypersurface

Ys={ 8 ]zeS0 <Lt < »)}

is smooth and orientable;
(v) given an & ®, the set
D, = {t I e Sg}

has measure zero;

(3) us , u”, u,; are continuous on ® X (—=, ), u®, u!'), u, ;s have jump
discontinuities across Y s but are continuous everywhere else on ® X (— «, »),
and u; ; is bounded on compact subsets of & X (— =, =),

Let (x, f) ¢ 25 . Condition (iv) then implies the existence of a normal vector » at
(z, t). Indeed, such a vector is given by

v = (ny , 0y, , =U), (2.6)

where n; are the components of a unit vector which is normal to S, at z and U > 0.
The latter condition is imposed to insure the uniqueness of » at points where U = 0.
The number U is called the speed of propagation of S, at z, while the unit vector = is
called the direction of S, at z. Condition (v) is merely the requirement that the surface
S, , as it progresses in time, does not pass through a given point x too many times.
This condition together with condition (vi) implies that for any = = ®, . .(z, ©),
u(x, t), and u{® (z, {) are discontinuous only when ¢ e D, . Finally we remark that all
integrals are to be taken in the sense of Lebesgue.
We are now in a position to prove the

CORRESPONDENCE PRINCIPLE FOR WAVE PropacaTiON. The speed of propagation U
of the acceleration wave S, at a point x & S, is a solution of the eigenvalue problem

Cipniy — pU 8 = 0, 2.7)
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where
Ciint = Gijnlz, 0) (2.8
and n is the direction of S, at x. That is, the speed of propagation is identical to the speed
of propagation of S, through an elastic solid whose elasticity tensor is ¢ .
Proor. Integrate (2.3) by parts and use (2.1), (2.5) to verify that
0ii = Giimens + Gl * et 2.9
where ¢;;:; is given by (2.8) and
t
Gt @ ) = [ G, t = Jeu(a, 9) ds. (2.10)

-

Now substitute (2.1), (2.9) into (2.2) and use the symmetries (2.4) together with (2.8)
to derive the displacement equations of equilibrium in the form

(2)

Ciintl,1; = pu; — Fy 2.11)
where
Fi =i + Gt * i + Gilan *w s + 1 (2.12)
Define the functions p,; and ¢; through

(1)

D = Uk, qi = Ui . (2.13)

Then p,, and ¢, are continuous, have continuous derivatives except on )5 , and satisfy
the compatibility conditions

Pi = Qut - (2.19)
Moreover, the jumps in the (four dimensional) gradients of p,; and ¢ are parallel to the
normal » of Y_s and hence, because of (2.6), take the form*
[De1.i] = Nam;
wl= -0, 2.15)
lg:.:] = ani
("] = —a.U.

Thus (2.13), (2.14), (2.15), together with the continuity of ¢;;,, and p across > s imply

et 1] = comdam; [Puf‘”] = —pa;U, - U = am, . (2.16)
By (2.8) and the smoothness assumptions (ii), (iii), and (vi) it follows that
[coinwen] = (Gl *wea] = [f:] = 0. (2.17)

We now prove that [G 8% u,.;;] = 0. Fix (2, ¢) € D_s,let A = G}, * u,;; , and notice
that

*Here and in the sequel we use the usual notation for the jump [g] of a function g across = ,. That is

[g](x’ t) = lim(z+.£+)—-(z.l)g(x+) t+) - lim(z‘,t")—»(z.t)g(x—i t_)y

where (%, ¢+) and (2™, t™) lie on opposite sides of Z,.



- 364 N. MORGENSTERN Vol. XXII, No. 4

Al 1) = f GOt 1 — e’ 9 ds + f GO £ — iz’ 9) ds.
(2.18)

Let A denote the compact set @ X [0, T'], where @ is a solid sphere centered at « and con-
tained in ® while T > ¢. Then hypotheses (%) and (v7) imply that G{}}, and w,,.; are
bounded on A. Thus the second term in (2.18) tends to zero as (z*, t*) — (z, t). Moreover
conditions (#7), (v), and () yield

GO(a*, 17— i, 8) = G, = Yue.i(x, 9) (2.19)

for almost every s < ¢, i.e., for s ¢ D, . Therefore the boundedness of G, and g,y

on A and Lebesgue’s bounded convergence theorem imply

lim Az, %) = f Go(x, b — Su,.(x, s) ds. (2.20)
0

(zF,tF)=(z,0)
Clearly the same result follows for lim -1y~ @, 0rA4 (27, t7) and thus
[Gfil),z * u,,,z,-] = 0. (2.21)

Equations (2.12), (2.17), and (2.22) imply [F.] = 0. It therefore follows from (2.11),
(2.16) that

(Cisemily — pU’8:)a, = 0, (2.22)
and this completes the proof.
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